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The paper presents the correlation coefficient of 
refined-single valued neutrosophic sets (Refined- 
SVNSs) based on the extension of the correlation of 
single valued neutrosophic sets (SVNSs), and then a 
decision making method is proposed by the use of 
the weighted correlation coefficient of Refined-SVNSs. 
Through the weighted correlation coefficient between 
the ideal alternative and each alternative, we can rank 
all alternatives and the best one of all alternatives can 
be easily identified as well. Finally, to prove this deci- 
sion making method proposed in this paper is useful 
to deal with the actual application, we use an example 
to illustrate it. 


Keywords: refined-SVNSs, correlation coefficients, de- 
cision making, SVNSs 


1. Introduction 


Neutrosophic set (NS) proposed by Smarandache [1] is 
an important tool to solve multi-criteria decision making 
problems. Since then, many new extensions about incom- 
plete, uncertain and imprecise information have been pre- 
sented. For examples, in 2005, Wang et al. [2] introduced 
the concept of an interval neutrosophic set (INS). The sin- 
gle valued neutrosophic set (SVNS) was introduced for 
the first time by Smarandache in 1998 in his book [3]; re- 
viewed in [4], which is also mentioned by Wang et al. [5] 
in 2010. In 2013, Smarandache refined the neutrosophic 
set: truth value T is refined into types of sub-truths such 
as Ti, To, etc., similarly indeterminacy / is split/refined 
into types of sub-indeterminacies /;, J), etc., and the sub- 
falsehood F is split into Fi, Fy, etc. Therefore, Smaran- 
dache [6] introduced the concept of a Refined-SVNS. Ina 
decision making problem, if the given criteria have many 
sub-criteria, we will subdivide these criteria. In 2014, 
Ye [7] presented a concept of a simplified neutrosophic set 
(SNS). Now INS, SNS, and SVNS have been developed 
by many researchers in various fields [8—22]. But there 
are few studies and researches on the Refined-SVNS. So 
we propose a decision making method on correlation co- 
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efficients of Refined-SVNSs and use a decision making 
example to prove this method in this paper. 

The rest organizations of this paper are as follows. Sec- 
tion 2: briefly introduces NS, SVNS and Refined-SVNS. 
Section 3: introduces the Correlation Coefficients and 
the Correlation Coefficients of Refined-S VNS. Section 4: 
gives a decision making method based on the weighted 
correlation coefficient measures of Refined-SVNSs. Sec- 
tion 5: presents an example with Refined-SVNS to illus- 
trate the proposed methods and gives a conclusion. Fi- 
nally, Section 6: concludes. 


2. Some Concepts of NS, SVNS, and Refined- 
SVNS 


Definition 1 [1]. Set X be a universe of discourse, with a 
generic element denoted x in X. Then a NS is defined as: 


A= { (x, Ta(2),ta(x),Falx))|x exh, 


in which T,(x) : X -]~0,1*[ means truth membership 
function, [4(x) :X +]~0,1*[ means indeterminacy mem- 
bership and F4(x) : X +]~0,1*[ means falsity member- 
ship function. The functions T(x), I4(x), and F4(x) are 
real standard or nonstandard subsets of |~ 0, 1*[ and there 
is no relation on the sum of T,(x), J4(x), and F(x), so 
~0 < sup 7, (x) + sup J4 (x) + sup Fy (x) < 37. 

Obviously, just using this Definition 1, we cannot apply 
the neutrosophic set to deal with the practical problems. 
Therefore, Smarandache [3] introduced the concept of a 
SVNS, which is an extension of NS. 


Definition 2 [3]. Set X be a universe of discourse, with a 
generic element denoted x in X. Then a SVNS is defined 
as: 


= { (x, Ta(2),ta(x),Fa(x))|x exh, 


in which 7, (x), L4(x), Fa (x) E (0, 1}; O<T% (x) + I4(x) + 
Fy (x) < 3. 

When we deal the practical problem, the given criteria 
maybe have many sub-criteria, we should subdivide these 
criteria. Therefore, Smarandache [6] introduced the con- 
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cept of a Refined-SVNS. 


Definition 3 [6]. Set X be a universe of discourse, with a 
generic element denoted x in X. Then a Refined-SVNS is 
defined as: 


A= { (x, (Tia), Bia (2),---sTha(®)), 
(Ta (x),.2a(x), oO Ta (x )), 
(Fia(x), Foa(x),-.)Fha(x 


)) ex} 


here k is a positive integer, T4(x),T4(x),... 
(0, 1], T1a(x),Doa(x),..- Lea (x) E 0 1], 
Fia(x), Poa(x),..-, Fea (x) E (0, 1], and 0 < Taty) + 
Tia(x) + Fia(x) <3 fori=1,2,...,k. 


Definition 4 [14]. Set X be a universe of discourse, and L 
and M be two SVNSs, L = { (x, Tr(xi), Jz (xi), Fr (xi) | i € 
Xx} and M = hee Tu (x an Iu (xi), Fu (xi)) | x; E Xx}. The 
correlation coefficients measure of two SVNSs L and M 
is: 

C(L,M) 
max{C(L,L),C(M,M)} 


= [7.x . Ty (xi) + Ir(x;) ‘Ty (xi) + Fr(x;) u(x) / 


k=1 


N(L,M) = 


5 

oe 
—— 
Ms 


> 
ll 
fan 


Te (21) + I? (x;) + Fe (xi)| ; 


Ms: 


nto) + Hil) + Fax]. gues) 


> 
ll 
ur 


Theorem 1. The correlation coefficients measure 
N(L,M) satisfies the following properties (1)—(3) [14]: 
(1) O< N(L,M) <1; 
(2) N(L,M) =1 if and only ifL=M; 
(3) N(L,M) = N(M,L); 


Their proofs can be consulted in [14]. 


3. Correlation Coefficients Measure Methods 
of Refined-SVNSs 


Definition 5. Let X = {x1,x2,...,x%n} be a universe of 
discourse, and L and M be two Refined-SVNSs, 


L= {(xi, (Ti (xi), Toni), -- + Tex (i)), 

(ii (%i), aim), --- Let (i), 

(Fiz(x;), Far (xi), eh Peak) 83 E Xx}, 
M = {(xj, (Tim (xi), Tom (xi), --- Ths (i), 

(Zim (xi), au (%i),-- Lea (i), 


(Fim (xj), Fou (xi), ots Fig (xi))) [Xi € xX}. 


As an extension of Definition 4, we present a correla- 
tion coefficients measure between two Refined-SVNSs L 
and M as follows: 


C(L,M) 


N(L,M) = max{C(E,L),C(W.M)} 


[Tix (xa) - jaa (xi) + Lin (xi) Lim (x2) 
+Fir(xi) - Ti Qi) [i] 


max 9 ex? (xi) + jx? (xi) + Fit? (xi) (xi) | / ki, 


a 


ll 
an 
nm. 
al 
ran 


Ye [Tine (xi) + Laas) + F(a] [ki } 


ll 
i 
mo. 
ll 
ues 


- 2) 


Theorem 1. The correlation coefficients measure 
N(L,M) between two Refined-SVNSs L and M satisfies 
the following properties: 

(1) N(L,M) = N(M,L); 
(2) O< M(L,M) <1; 
(3) N(L,M)=1 if and only if L=M; 


Proof. 

(1) For Tjx(xi) - Tim (xi) Uji) « Lim (2%) + Fic(xi) ¢ 
Fim (xi) = Tim (xi) + Tin i) + Gia Qa) Tit ci) + Fin (i) - 
Fi_(xi), So we can get N(L,M) = N(M,L). 


(2) For 0 < Tim (xi) <1 then 0 < Tji (xi) : Tim (xi) <i, 
0< Tim (xi) <1 then 0 < Tjx(xi) - Tjm (xi) <landO< 


Fim (xi) < 1 then 0 < Fiz (xj) -Fiu(xi) < 1, so we can get 
N(L,M) > 0. Next, we prove N(L,M) < 


[Tin (xi) - Tim x4) + Li (i) “Tim (i) 

+F (xi) - Fi (xi)| /ki 
i. — [(Tix (x1) Tim (x1) + Nir (a1) Lim (21) 
Fim (x1)) +++ + (Tye 1) + Tea (1) 
Tem (x1) + Fig (21) Fy (21) 
Tepe — (Tit (Xn) «Tim (Xn) + Lit (Xn) Lim (Xn) 


+Fit(Xn) Fim (%n)) +++ + (That Qn) + Tet Xn) 
+My (%n) Lig (Xn) + Fly (in) + Fut (n))] 
According to the Cauchy-Schwarz inequality: 


— 


: 
y 
( 
‘i 


(0 Bi + On Bo +--+ OnBn)* 


Here k; is a positive integer, and all Tjz (xi), [ji (x ae ‘iL (%i) Zt 2 anf 72 pe a 
O17 +O)? +++ +O + Bo” +--+ + Bh 
and Tim (xi); Tjm(Xi); Fim (xi) € (0, (= = i 2... n3j = ~~ ( : P )(Bi Bo B ) 
,2,-++,Ki). Where 0), 02,...,Q, € R” and By, Bo,..., Bn € R"”, we can 
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Table 1. The Refined-SVNS decision matrix D. 


C1 Ci, Cr, wr CrK,) 
A, (Thay Toa Tea) » Cray leap Tega)» Fray Foay wo Fey ay)) 
Az (Tag) Toagy es Theqag) + aags ledge Liegag)s Pigs Foags Fray) 
An (Tham? Team? win Tey Ag)? Chay Loam! wer legagy)) Pia Foam? sl eiaa) oo 


get 
C(L,M)? < a (Tix? (x1) + Nin? (*1) + Fir? (a1): 
(Tim? (*1) +4im? (x1) +Fim?(x1)) +: 
+ (Tig? (x1) +i? (a1) + Fy? (1))- 


(Tim? (x1) + Iku? (x1) + Fiyn(21)) | ene 
+ tw (x1) +4117 (x1) +Fir?(x1)): 


(Tim?(x1) +i? (x1) + iw? (x1) +> 
They (X1) + Higt (1) + Figs? (21)): 


( 
(Tipm? (1) + Liga? (X1) + Fiy?(21)) 
=C(L,L)C(M,M) 


For C(L,M)? < C(L,L)C(M,M), 
C(L,L)'/2C(M,M)!/2, 

Then, C(L,M) < max{C(L,L),C(M,M)}. 

So we can get N(L,M) = 
/max{C(L,L),C(M,M)} <1. 


just C(L,M) < 


(3) If L = M then Tjz (xi) = Tim (xi )Ljc(xi) = Lim (xi), and 
Fji(xi) = Fim (xi) for any x; € X andi=1,2,...,n, so we 
can get N(L,M) = 1, if and only if L=M. 

Usually, all attributes have weights, maybe these 
weights are at the same values or different, but they are 
all belong 0 to 1 and the total value of them is 1. Now, we 
assume that the weight of each attribute C; (i= 1,2,...,n) 
is w;. Then, we can introduce the weighted correlation co- 
efficients measure between two Refined-SVNSs L and M@ 
as follow: 


Ch(Ca Cha, bat Corky) 
(Tray Tap Thy) Cray loap oo Tena) , (Fray Foap aoe Fray)? 
(Tha, Tray aed TkyAa) , Cia, Inay) any TkpAa) , (Fray) Foy, ashe Fie Ap)) 
(Trap Thay my Teac): Chay Toay my Tend)? (Fray Foam? my FienAm)) 
n kj 5 
max { wi) (7, i (x; +2 (xi) + jL (xi)| /ki, 
i=l j=l 


[Tin (xi) + Lym? (xi) + Fim? (x1)] / ih 


. (3) 


4. Building a Decision-Making Model Using 
the Correlation Coefficients 


In a decision-making problem, there are a set of alter- 
natives A = {A;,A2,...,Am} and a set of attributes C = 
{Ci,C2,...,Cn}. Sometimes C; (i = 1,2,...,n) may be 
subdivided into some sub-attribute C;; a= = i, 204M, J = 
1,2,...,k;), then we can use a Refined- SVNS to express 


Ff 
= { (Gis Ta, (Ci), Pea, (Ci)s + Taae(Ci)); 
(fa, (Ci) foa, (Cy), <«+sdiga (CG), (4) 
(Fia, (Ci), Fea, (Ci)s-+-Faa-(Ci)))|Ci eC}, 
ig. ata ace 


We could use a Refined-SVNS to denote the values of the 
three functions Tj,s,(Gi), Ik;s,(Gi), Frs,(Gi) for conve- 
nience, so we establish the Refined-SVNS decision matrix 
D, which is shown in Table 1. 


Step 1: Based on the Refined-SVNS decision matrix D, 
we can get the ideal solution (ideal Refined-SVNS) A;. 
When the attributes are benefit, A; is shown as follows: 


W(L,M) A; = ( Ta Daag ingle) 
n kj 
= wi YL (Tie) « Ti (x1) + Fini) Li (i) (FA y Toa ThA”) (5) 
i=l j=l 
Fu ig ae eee) Ds 
+ (0): Fous)))/ / seal ee 
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Table 2. The Refined-SVNS decision matrix D for four alternatives on three attributes/seven sub-attributes. 


C1 (C41, C12) 


C, (Ca, Cy, C23) 


€3(C31, C32) 


A; ((0.6,0.7), (0.2, 0.1), (0.2, 0.3)) 
A, ((0.8,0.7), (0.1, 0.2), (0.3, 0.2)) 
A; ((0.6,0.8), (0.1, 0.3), (0.3, 0.4)) 
A, ((0.7,0.6), (0.1, 0.2), (0.2, 0.3)) 


When the attributes are cost, A¥ is shown as follows: 
At _— (Ga 1 Oy uae _— ia) ; 


LeAm 


aa) 


I TOP J, ee : 
(F149 ban bk we 6) 


(Pia doa . Ha) ) 
fori=1,2,...,n. 
So we can get the ideal alternative A* = {Aj,A3,..., Aj}. 


Step 2: When the weights of attributes are given by w = 
(w1,W2,.-.,Wn) with w; > 0 and Y°"_, w; = 1. The corre- 
lation coefficients measure between the ideal alternative 
A* and each alternative A; (r = 1,2,...,m) can be calcu- 
lated according to Eqs. (4) and (5). Then we can obtain 
the values of W(A,,A*) for r= 1,2,...,m. 


Step 3: According the values of W(A;,A*) for r = 
1,2,...,m, all alternatives can be ranked in a descending 
order and the alternative of biggest W(A,,A*) value just 
is the best choice. 


Step 4: End. 


5. Illustrative Examples 


In this section, we give two examples with multiple 
attribute to demonstrate the application of the proposed 
method in this paper. 


5.1. Example 1 


Now, we discuss the decision-making problem adapted 
from [22]. A construction company wants to determine 
the selecting problem of construction projects. Now 
four construction projects are provided by decision mak- 
ers, then we can get a set of four alternatives A = 
A1,A2,A3,A4. Then, in these construction projects, which 
one can be selected dependent on three main attributes. 
These attributes are financial state (C,), environmental 
protection (C2) and technology (C3), and at the same time 
these attributes can be divided into seven sub-attributes: 
budget control (C11) and risk/return ratio (C2); public re- 
lation (C21), geographical location (C22), and health and 
safety (C23); technical knowhow (C3) and technologi- 
cal capability (C32). Then, decision makers evaluate the 
value of the four possible alternatives under the above 
attributes by suitability judgments. With these values 
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((0.9, 0.7, 0.8), (0.1, 0.3, 0.2), (0.2, 0.2, 0.1)) 
((0.7, 0.8, 0.7), (0.2, 0.4, 0.3), (0.1, 0.2, 0.1)) 
((0.8, 0.6, 0.7), (0.3, 0.1, 0.1), (0.2, 0.1, 0.2)) 
((0.7, 0.8, 0.7), (0.2, 0.2, 0.1), (0.1, 0.2, 0.2)) 


((0.6, 0.8), (0.3, 0.2), (0.3, 0.4)) 
((0.8, 0.8), (0.1, 0.2), (0.1, 0.2)) 
((0.8, 0.7), (0.4, 0.3), (0.2, 0.1)) 
((0.7, 0.7), (0.2, 0.3), (0.2, 0.3)) 


we can construct the Refined-SVNS decision matrix D, 
which is shown in Table 2. 

For these attributes are benefit, so we can obtain the 
ideal alternative A* by using Eq. (4) from the Refined- 
SVNS decision matrix D. 


A* = {((0.8,0.8), (0.1,0.1), (0.2,0.2)), 
((0.9,0.8,0.8), (0.1,0.1,0.1), (0.1,0.1,0.1)), 
((0.8,0.8), (0.1,0.2), (0.1,0.1))}. 


With the weight vector of the three attributes by w = 
(0.4,0.3,0.3) on the opinion of the experts and Eq. (3), 
we can obtain the weighted correlation coefficients mea- 
sure values between the ideal alternation A* and each al- 
ternative A, (r = 1,2,3,4), the measure values are listed 
as follows: 


W(A1,A*) = 0.9156, W(Az,A*) = 0.9603, 
W(A3,A*) = 0.9308, and W(Aq,A*) = 0.8861. 


Because of the measure values are W(A2,A*) > 
W(A3,A*) > W(Aj,A*) > W(Aq,A*), the ranking order 
just is Az > A3 > Aj > Aq. Therefore, we can get the al- 
ternative A> as the best choice among all alternatives. 
Comparing with the method of [22], the correlation co- 
efficients measure between two Refined-SVNSs proposed 
in this paper is relatively simpler and easier, and we can 
obtain the same choice as in [22] through the weighted 
correlation coefficients measure values between the ideal 
alternation A* and each alternative A, (r = 1,2,3,4). 


5.2. Example 2 


A university wants to rank the academy with some 
main attributes. Now there are five academies will be 
ranked, then we can get a set of five academics A = 
{A1,A2,A3,A4,As}. The rank of these academics de- 
pends on three main attributes and seven sub-attributes: 
(1) Teaching (C;): teaching conditions (C1), teachers 
troop (C2) and teaching level (C13); (2) The scientific re- 
search (C>): teachers’ scientific research (C21), students’ 
scientific research (C22); (3) Server (C3): social reputation 
(C31), the employment situation (C32). 

Experts evaluate the value of the five academics under 
the above attributes by some data. With these values we 
can construct the Refined-SVNS decision matrix, which 
is shown in Table 3. 

For these attributes are benefit, so we can obtain 
the ideal alternative A* by using formula (4) from the 
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Table 3. The Refined-SVNS decision matrix D for five academics on three attributes/seven sub-attributes. 


Cy (Ci, Ci2, C43) 


Cy (Co, C42) 


C3 (C31, C32) 


A, ((0.8, 0.9, 0.7), (0.2, 0.3, 0.2), (0.1, 0.1, 0.2)) 
A, (0.7, 0.8, 0.7), (0.2, 0.4, 0.3), (0.3, 0.2, 0.2)) 
A; (0.7, 0.6, 0.8), (0.2, 0.2, 0.1), (0.2, 0.3, 0.2)) 
A, (0.8, 0.8, 0.7), (0.2, 0.2, 0.1), (0.1, 0.2, 0.2)) 


As (0.8, 0.7, 0.8), (0.2, 0.2, 0.1), (0.2, 0.2, 0.2)) 


Refined-SVNS decision matrix D. 


A* = {((0.8,0.9,0.8), (0.2,0.2,0.1), (0.1,0.1,0.2)) , 
((0.9,0.7), (0.1,0.1), (0.2,0.3)), 
((0.8,0.9), (0.1,0.2), (0.1,0.1))}. 
W(A},A*) = 0.9950, W(A2,A*) = 0.9207, 
W(A3,A*) = 0.8779, W(A4,A*) = 0.8987, 
W (As,A*) = 0.8947. 


So, the ranking of five academics is Ay > Az > Ag > 
As > A3. Therefore, the academic named Aj is the best 
one of all evaluated academics. 

From above two examples, we can see that the corre- 
lation coefficients of refined-neutrosophic set can be used 
in actual engineering and scientific applications to help 
people to do some decision problems. 


6. Conclusions 


We presented the correlation coefficients measure of 
Refined-SVNSs in this paper and we use this method 
to deal with two actual decision-making applications. 
Through the correlation coefficients measure between the 
ideal alternative and each alternative, the ranking order 
of all alternatives can be got and the best alternative can 
be selected as well. Finally, the ranking order in the first 
example with correlation coefficients measure is proba- 
bly agree with the ranking results of [22], the second ex- 
ample with correlation coefficients measure can get the 
rank of five evaluated academics, so the method pro- 
posed in this paper is suitable for actual applications in 
decision-making problems with Refined-SVNS. In the fu- 
ture, we shall go on studying the correlation coefficients 
measure between Refined-SVNSs and extending the pro- 
posed decision-making method to many other fields. 
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((0.9, 0.7), (0.2, 0.1), (0.2, 0.3)) 
((0.8, 0.5), (0.1, 0.2), (0.3, 0.4)) 
((0.6, 0.4), (0.1, 0.3), (0.4, 0.5)) 
((0.7, 0.6), (0.1, 0.2), (0.2, 0.3)) 


((0.6, 0.5), (0.2, 0.2), (0.3, 0.5)) 


((0.8, 0.9), (0.1, 0.2), (0.2, 0.1)) 
((0.8, 0.8), (0.1, 0.2), (0.1, 0.2)) 
((0.8, 0.9), (0.3, 0.2), (0.2, 0.1)) 
((0.8, 0.7), (0.2, 0.3), (0.2, 0.3)) 


((0.8, 0.8), (0.2, 0.2), (0.1, 0.2)) 
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